Research in Applied Mathematics
vol. 1 (2017), Article ID 101264, 16 pages

doi:10.11131/2017/101264

AgiAl
Publishing House

http://www.agialpress.com/

Corresponding Author
M. Tilioua
tilioua@melix.org

Editor

Jianlong Qiu

Dates
Received 14 November 2016
Accepted 24 February 2017

Copyright © 2017 C. Ayouch
et al. This is an open access
article distributed under the
Creative Commons
Attribution License, which
permits unrestricted use,
distribution, and reproduction
in any medium, provided the
original work is properly
cited.

OPEN a ACCESS

Research Article

A Finite Difference Scheme for
the Time-Fractional Landau-Lifshitz-Bloch
Equation

C. Ayouch', E. H. Essoufi’, and M. Tilioua?

'Laboratoire MISI, FST Settat, Univ. Hassan I, 26000 Settat, Morocco
M21 Laboratory, MAMCS Group, FST Errachidia, Univ. Moulay Ismail, P.O. Box 509,
Boutalamine, 52000 Errachidia, Morocco

Abstract. In this paper, we study a finite difference scheme for temporal discretization of the
time-fractional Landau-Lifshitz-Bloch equation, such as the fractional time derivative of order
a is taken in the sense of Caputo. An existence result is established for the semi-discrete problem
by Schaefer’s fixed point theorem. Stability and error analysis are then provided, showing that
the temporal accuracy is of order 2 — a.
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1. Introduction

The conventional Landau-Lifshitz (LL) or Landau-Lifshitz-Gilbert (LLG) equation is a grand
master equation that provides quantitative predictions on magnetic structure and magnetiza-
tion dynamics of ferromagnets at low temperatures. At high temperatures, however, the LLG
equation fails to describe the longitudinal relaxation and thus it is necessary to extend the
LL equation. In particular, it is desirable to obtain a similarly effective equation, which is
capable of quantitatively computing magnetization dynamics at high temperatures in real time.
Such extension is not only theoretically interesting but also technologically relevant. For high
temperatures the LLG equation must be replaced by a more thermodynamically consistent
approach such as the Landau-Lifshitz-Bloch (LLB) equation [3]. The LLB equation essentially
interpolates between the LLG equation at low temperatures and the Ginzburg-Landau theory of
phase transitions. It is valid not only below but also above the Curie temperature T,,. An impor-
tant property of the LLB equation is that the magnetization magnitude is no longer conserved
but is a dynamical variable [4]. The spin polarization vector u(x,t), where u = mﬂ?, and m is

magnetization vector and m(s) is the saturation magnetization value at T'= 0. For Q C R, d>1,
u satisfies the following LLB equation

)]

L L
u_ yux H g(u) + —12 (u- Hg)u- —22u>< (ux Hgw),
ot |ul ul

where y > 0 is the gyromagnetic ratio, the symbol X denotes the vector cross product in R?, L,
and L, are the longitudinal and transverse damping parameters, respectively.
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Here, we consider a ferromagnetic LLB equation, in which the temperature T is raised higher
than T, and as a consequence the longitudinal L, and transverse L, damping parameters are
equal. The effective field H .(u) is given by

1 3 T 2
H =Au—-—(1+Z—r ,
() u " < + 5T—Tclu| >u

where | is the longitudinal susceptibility.

Using the fact that L, = L, = k;, we can rewrite (1) in the following form
g—ltl = k;Au+ yu X Au — k,(1 +u|u|2)u, in Q% (0,7 2)

3T
where k, = ;—;l and p = .

As boundary and initial conditions we assume

ou=0, ondQx (0,7 3)

v

u(x,0)=uy(x) inQ 4)

where 0, u denotes the outward normal derivative of u on the boundary of Q.

For the problem (2)—(4), existence of weak solutions has been proved by Kim Ngan Le (see
[7]), using Faedo-Galerkin approximations.

In this paper, we consider the following time-fractional LLB equation in one dimension of
space, which is obtained from (2) by replacing the first-order time derivative with a fractional
derivative in the Caputo sense:

0%u(x,t i
l;(tf_) =k Au+ yu X Au — K,(1 +ulul>u inQx0,D), ®)

where k|, k, and p are positive constants. Equation (5) is subject to the boundary and initial
conditions (3)—(4) and 0 < « < 1, is the order of the time-fractional derivative, % denotes
the Caputo fractional derivative of order «a as defined in [5] and given by

a t
0u(x,t)= 1 / ou(x,s) ds C0<a<l.
ot* rl-aw fy, o0s (—s)"

Note that for « = 1, we obtain the classical LLB equation (2). Theorem 3 discusses the limit
a — 1. When a = 0, we obtain the following steady state problem

u=k;Au+yuXxAu—x,(1+ ulul>Hu

with homogeneous Neumann boundary condition. We remark that the unique solution of this
problem is u = 0. In recent years, it has been shown that the fractional differential equations
can be used successfully to model many phenomena in various fields, such as fluid mechanics,
viscoelasticity, chemistry and engineering [1, 6, 10, 11]. Fractional derivative is an excellent
tool for describing the memory and hereditary properties of various materials and processes
while in integer-order models such effects are neglected. It also appears in the theory of control
of dynamical systems, where for the description of the controlled system and the controller
fractional differential equations are used. Several works on the literature deal with numerical
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approximation of fractional models. For example in [8], the authors studied the numerical
resolution of a time-fractional diffusion equation, which is obtained from the standard diffusion
equation by replacing the first-order time derivative with a fractional derivative. Note that the
model considered in [8] is linear. In our case the LLB equation is nonlinear and the nonlinearity
makes difficult the mathematical analysis of the model equation.

Throughout, we make use of the following notation. For € an open bounded domain of R,
k € N"and p > 1, we denote by L”(Q) = (L (Q))? and H*Q) = (H* (Q))3 the classical Hilbert
spaces equipped with the usual norm denoted by || - || () and || - ||y« q)-

The rest of the paper is divided as follows. In the next section, a finite difference scheme
for the temporal discretization of the problem in consideration is given. We obtain existence of
weak solutions to the discretized problem. In Section 3, stability results are derived and error
estimates are provided for the semi-discrete problem, showing that the temporal accuracy is of
order 2 — a. The last section concludes the paper and provides future directions for this work.

2. A Finite Difference Scheme for Time Fractional LLB

We proceed as in [8, 12, 13]. We introduce a finite difference approximation to discretize the
time-fractional derivative. Let 6 = % be the length of each time step, for some large N, t, = k6,
k=0,1,..., N. We use the following formulation: forall0 < k < N —1;

ux,t) 1 Zk: / ou(x,n)  ds
ote r(1-a 4/, 0s  (tyy — )"
(6)
_ 1 i u(x,tj+1)—u(x, tj) /tj+1 ds 4 Pkt
(- o) & 8 o =9t
where ré‘“ is the truncation error. It can be seen from [8] that the truncation error verifies
rith < e, 87 ()

where c,, is a constant depending only on u. On the other hand, we have

k

1 Z u(x, fiy1) — u(x, tj) /t,-+1 ds
Ira-ow ) ; (tipr — )

j=0

k

— 1 2 u(x, ;) —u(x,1;) /tk+l—j dt
r-a 5 T

Jj=0 k=j

1 i u(x, tk+1—j) —u(x, tk—j) /th ﬂ
t

T T -a) & 5 ST

k

_ 1 u(x, fpy ;) —u(x, ;)
T TR-a) Z P

(G+ D= j).
Jj=0
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Letus denote b; = (j+ DI=¢—j1=* j=0,1, ..., k, and define the discrete fractional differential
operator L7 by

k

1 u(x’ tk+1—j) - u(x9 tk—j)
Db, :

Liu(x,1;,y) =

N2 - = 5
Then (6) becomes
% = Liu(x, 1, ) + il
Using this approximation, we obtain the following finite difference scheme to (2): for k =
1,...,N—1,
Lou(x, t,y,) = K, AuT! 4yt x Auf! — o (1 4 plu 1 P! in Q (8)

where u**! is an approximation to u(x, 7, ;). The scheme (8) can be reformulated into the form

k
bouk+l _ K_lr(z _ a)5°’Auk+] — bouk _ 2 bj(uk+1—j _ uk—j)
j=1

+y0(2 — a)s%u ! x Auft! — i, T2 — )8%(1 + plus+! |Hur!
)

k—1
= bou* + Y\ (b, — by, U + T2 — )" u**! x Autt!
=0

—1,0(2 — @)8%(1 + p|u*H Hyukrt,
To complete the semi-discrete problem, we consider the boundary and initial conditions

o,u"' =0 onoQ,

Noting that

b.>0, j=0,1,....k

k k-1
Z(bj —bj)+by =0 =b)+ Z(bj —bi)+b =1
Jj=0 j=1
Letting
p=TQ2 - a)s”

then (9) can be rewritten in the form

uk+1 _ .BKI Allk+1

k—1
= (1= bu* + Y (b; = by, U + bu® + fruk*! x Autt! — piey(1 + plut*! utt!
j=1

(10)
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for all K > 1. When k = 0, we obtain
u! — ﬂxlAul =u’+ pru' x Au' - pic,(1 + ula' [P’
When k = 1, we have
u? — fic; Au? = (1 — b)u' + b’ + gyu® x Au? — i, (1 + plu?|*)u?.

We define the error term r**! by

i _ (L0t

- e — Liu(x, tk+1)>.

From (7), it follows that

e =TQ2 — )8 |rf ] < ¢,6% (11)

2.1. Existence for the Semi-discrete Scheme

What is interesting in this problem is the nonlinear term u X Au, this term creates a difficulty
concerning the existence of solutions for the discretized problem, that is why we are reduced
to study the problem in one dimension to use the Sobolev embedding H'(Q) & L*(Q) which
implies that u X Vu € L*(Q) foru € H'(Q).

Before starting, we give the following definition of weak solution of (10).

Definition 1. We say that u**! is a weak solution of (10) if

/u"+1 -vdx + fr, / Vut*t! . Vv dx
Q o

(12)
=/fk-vdx—ﬁy/ukaVuk“-vV dx—ﬁlcz/(1+,u|uk+1|2)uk+l -vdx
Q Q Q

for all v € H'(Q), where f* = (1 — b)u* + X'/ (b; — by, )u* + bu’.
At each time step we have to solve a discretized fractional LLB equation.

Theorem 1. There exists at least a weak solution w*™' of (9) such that u**' € H'(Q).

We proceed with the derivation of a priori estimates. From now on we denote by C a generic
constant, which may not be the same at different occurrences.

Lemma 1. For all k, one has
a0 < C,

where C is a positive constant independent of k.

Proof. We prove this result by recurrence. When k = 0, we have

/ul-vdx+ﬂK1/Vul-Vvdx
Q Q

=/u0~vdx—ﬂy/uleul~Vvdx—ﬁ1c2/(1+,u|u1|2)ul-de
Q Q Q

doi:10.11131/2017/101264

Page 5



Research in Applied Mathematics

for all v H'(Q). Taking v = u' in the previous equation, we obtain
g P q

/|u1|2 dx+ﬂK1/|Vu1|2 dx+ﬂ1c2/(1+/4|u1|2)|u1|2dx
Q Q Q

=/u0~u1dxsl/|u1|2dx+l/|u0|2dx.
Q 2 Ja 2 Ja

l/lullzdx+ﬂlcl/|Vu1|2dx+ﬂ1<2/(l+,u|u1|2)|u1|2dx§C.
2 Q Q Q

Then

Hence
' flyiqy < C.
Suppose now that we have
Il <C: j=12, ...k
and prove that
I ) < C.

Multiplying equation (10) by u**! and integrating over Q, we get

/luk+1|2dx+ﬁK1/|Vuk+1|2 dx+ﬁK2/(l+y|uk+1|2)|uk+1|2dx
Q Q Q

=/f"-uk+1 dxsl/luk+1|2dx+l/|fk|2dx.
Q 2 Ja 2 Jo

Using the recurrence hypothesis, we have

Il 0) < C.
Then
%/ w1 % dx + pr, / |Vu*!12 dx + pr, /(1 + PP dx < C
Q Q Q
Therefore
[+ “I]-I]l(Q) <C
This concludes the proof of Lemma 1. U

2.2. Proof of Theorem 1

The proof uses Schaefer’s fixed point theorem. We construct an appropriate mapping whose
fixed points will be solutions to (12). Let z € H!(Q), and define the functional F¥ € H™1(Q) by

/F’;.vdx=/f"-vdx—ﬂy/szz-Vvdx—ﬂKQ/(l+,4|z|2)z-vdx
Q Q Q Q
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for all v e H!(Q).

Using Lemma 1, and the fact that H!(Q) & L.%°(Q) in one dimension, we can show that there
exists a constant C > 0, independent of k, such that

k
||Fz||[Hr1(Q) <C

Indeed, we have respectively

k k
| [ vax] < i@l < Vg < v,
Q

‘ /z X Vz - Vv dx‘ <Nzl I VZll 2 I VYVl 20) < CllVIIg )
Q
and

2
| / (1 + w2z v dx| < (2l + ullzl) / IVl dx < ClIvlli2g) < ClIVllsi .
Q Q

Hence, we define the operator ¥ : H'(Q) — H!(Q) as follows: ¥z = @, where w, is the
unique solution in H'(Q) of

/a)z-de+ﬁKl/Va)z-Vvdx=/F’z‘-vdx (13)
Q Q Q
for all v e H'(Q).

We now assert that W is weakly sequentially continuous and weakly compact. Indeed, let
(z,), C H'(Q), such that zZ, ~ Zin H'(Q). Put y, = Yz, for a subsequence, we have

z, — z strongly in L>(Q) and a.e,
and there exists y € H'(Q) such that
y, =y weaklyin H'(Q).

We will show that y is a solution of (13). Indeed, for v € H'(Q), we have

/yn-vdx+ﬂK1/Vyn~Vvdx=/F’z‘-de. (14)
Q Q o

On the other hand, we have

/FIZ‘ -de=/fk-de—ﬁy/anVzn-Vvdx—ﬂKZ/(l+,u|zn|2)zn-vdx.
a Q Q Q

By the previous convergences and continuous embedding H'(Q) < L#(Q), we obtain

/F’z‘~vdx—>/F’Z‘~vdx (15)
o Q

forallv e C”(ﬁ), and by density argument (15) holds for all v € H!'(Q). In fact, the strong
convergence of z, to z in L?(Q) and the weak convergence of Vz, to Vz in L*(Q) allow to deduce

that
/ZnXVZn'VdXﬁ/ZXVZ'VdX,
Q Q

forallv e C”(ﬁ). On the other hand, by the continuous embedding H'(Q) & L*(Q) we obtain
that the sequence (1 + ylznlz)n is bounded in L?(). Hence 1 + ,ulzn|2 — 5 in L*(Q). We use
the following lemma to show thaty = 1 + ulz)?.
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Lemma 2 (see [9]). Let ® be a bounded open subset of Ri X R,, h, and h are functions of
LY(®) with 1 < q < oo such as ||h,|| 4@y < C, h, = ha.ein ® then h, = h weakly in LI(©).

Lemma 2 and the strong convergence of z, in L%(Q) allow to deduce that n = 1 + u|z|.
Hence

(1 + ulz,|Hz, = (1 + pu|z|*)z weakly in L' (Q),
and then

/(1 + ylzn|2)zn -vdx —> /(1 + ulz|Hz - v dx
Q Q

for all v € C®(Q).

Now, we can pass to the limit # — oo in (14), we get

/y-vdx+ﬁ1c1/Vy-Vvdx:/F'z‘-vdx.
Q Q Q

Yz =y.

Then

Hence ¥ is weakly continuous. A similar argument shows that ¥ is weakly compact, since if
(z,), is bounded in H'(Q), then (WYz,), = (y,), 1s also bounded in H'(Q), then converge weakly
in H'(Q).

Finally, we must show that the set
{z € H'(Q)/z = A¥z for some 0 < 1 < 1}

is bounded in H'(Q). So assume z € H'(Q),

z=A¥z forsome(0< A<L1.

1.e,

= Y7z.

NI

Then

/Z-de+ﬂ1(1/Vz-Vvdx:/l/F'z‘-de, (16)
Q Q Q

for all v e H'(Q).
For v = z, (16) implies that

/lelzdx+ﬁlcl/Q|Vz|2dx+ﬂﬂ1<2/g(l+,u|z|2)|z|2dx

=,1/fk-zdxgl/|z|2dx+1/|fk|2dx.
Q 2 Q 2 Q

Since, by Lemma 1, (f k)k is bounded in H'(Q) and in particular in L.2(€2), then 1zl ) < C,
where C is a constant independent of k and A. Then the proof of Theorem 1 is complete.
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Remark 1. We point out that uniqueness can be shown by assuming that

2k, (B, + 1))5

[V, < (
pr?

k+1 k+1 c

In fact, we can show easily that if u*"" is a weak solution of the discretized problem then u
H?(€) which implies that Vu¥*! € H®(Q) in one dimension.

3. Stability and Error Analysis

We have the following unconditionally stability result.

Theorem 2. The semi-discretized problem (12) is stable, in the sense that for all 5 > 0 the
following inequality holds

k1 0
Il @) < Cllu®ll 2q)-

where C is a positive constant independent of k.

Proof. We prove the result by recurrence. When k = 0, we have for v e H'(Q) that

/ul-vdx+ﬂK1/Vu1-Vvdx
Q Q

= /uo-vdx—[z?}//u1 x Vu! -Vvalx—ﬂlcz/(l+/4|u1|2)u1 -vdx.

Q Q Q

Taking v = u!, we obtain
/ lu'|? dx + pr, / |Va'|? dx + fk, /(1 + ulu'P)|u')? dx
Q Q Q
1 1 1
= [t ax < Il o'l < Il el
Q
Then
! Iy < Cllu®|l2q-

Suppose now that we have

. 0 .
”uJ”Hl(Q) < C”ll ||D_2(Q)’ J= L,2,... .k,
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and prove that [Juf*! I < Clluolllz(g). Multiplying equation (10) by u**! and integrating
over Q, and using the recurrence hypothesis, we get

/|uk+1|2dx+ﬁ1<l/|Vuk+1|2dx+ﬂ1c2/(1+,u|uk+1|2)|uk+1|2dx
Q Q Q

= /f"-u"Jrl dx
Q
k-1

k k+1 k—j k+1
< (1= b))l o 0 Nz + DBy = by DI g el 2
j=1

0 k+1
+b [0l 2y 0l 2

k—1
< (A =0+ Y b, = b + b )10l iz
j=1

0 k+1
< a2 llu * s @)

since (1 — ;) + X5 (b; — bj,y) + b, = 1. Then
I 10 < ClluC [l 2.

This complete the proof. O

We have the following error analysis for the solution of the semi-discretized problem (12).

Theorem 3. Let u be the exact solution of (6), (W) ; be the time-discrete solution of problem
(12) with the initial condition v’(x) = u(x,0). Assume further that u € H?(Q) such that

1
[[Vua]|, < <% ) *. Then we have the following error estimates
1) ||ll(-,fj) - llj||H1(g) < T2 ¢ T°6* % j=1,...,N where 0 < a < 1.
-«

(i) When a — 1,
lu.,7,) = ||y q < CT5, j=1,...,N.
Proof. Let ek =u(x, ) — u”(x) be the difference between the exact solution of (6) and u*, the

time-discrete solution of (12). We will prove the result by induction. We begin with 0 < a < 1.
For j = 1, by gathering (6) and (12), the error equation reads

/el-vdx+ﬂK1/Ve1-Vvdx
Q Q

=/e0-vdx—/r1-vdx+ﬂy/(u1><Vu1—u(x,tl)XVu(x,tl))-Vvdx
Q Q Q

+ﬂl<2/ [(1+ ulu' Py’ = (1 + ulutx, 1) Pulx, 1,)] - v dx.
Q
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Choosing v = e! in the above equation, it follows that

/|e1|2 dx+ﬂK1/|Ve1|2dx
Q Q

< Ir' iz lle' llzq) + ﬁy/(u‘ x Vu' —u(x,t,) X Vu(x, 1,)) - Ve' dx
Q

+ﬂ1<2/ [(1 +uju'Pu' -1+ ,ulu(x,tl)lz)u(x,tl)] el dx.
Q
We have

/ (u' x Vu' —u(x, 7)) x Vu(x,1,)) - Ve' dx
Q
= /Q (u' x Vu' —u' X Vu(x, 1)) +u' X Vu(x, 7)) —u(x,1,) X Vu(x,1,)) - Ve' dx
= /Q (u' x (Va' = Vu(x, 1)) + (' —u(x,1))) x Vu(x,1,)) - Ve' dx
= —/ (u' x Ve' +e' X Vu(x,1,)) - Ve' dx
Q

=—/el x Vu(x,t,) - Ve! dx.
Q

In the same way, we have

/Q [(1 +uluPul - (1+ ,ulu(x,tl)lz)u(x,tl)] ce! dx

= /Q |1 ! Pou’ = (L Py, )+ (1! Puce, 1) =1+ e, 1) Pute )|
-e! dx

=/Q(1+/4|u1|2)(u1 —u(x,,)) - e! arx+/g,,¢(|u1|2—|u(x,z1)|2)u(x,zl)~e1 dx

= —/9(1 + ulu')le!)? dx + ,bl/g(lll —u(x, 1)@ +ux, 1))(x, 1)) - e!) dx

= —/9(1 + ulu'P)le! Pdx - M/Q((lll +u(x, 1) - eHu(x,1,) - e') dx

- /(1 + o Ple'? dx - /(u(x,m 'Y dx - /(u1 ‘) (ux1)) - € dx.
Q Q Q
The above calculations and Young’s inequality allow to get

(1+ﬁK2)/|e1|2dx+ﬁ1<1/|Ve1|2dx+ﬂr<2,u/(u(x,t1)-e1)2 dx
Q Q Q
+Pro / lu'*le')> dx < 'l 2 ll€! 2 + By / le'|[Ve'||[Vu(, 1)l dx  (17)
Q Q

+/3K2,4/ |u1|2|e1|2dx+ﬁ1<2,u/(u(x,t1)-el)2 dx.
Q Q
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That is

(1+ﬁ1<2)/|e1|2dx+ﬂ1<1/|Ve1|2 dx
Q

Q

£ 1
< e ol o + VA (5 [ 1P ax o [ vel ax)
Q €Ja

for € > 0. Hence

IVa(., 1)l
(1450 = privaCap) [ 1€ axe g, - 2= ) [ velf ax
2 Q 26 Q (18)
< ||r1||[L2(Q)||e1||H1(9)
We choose ¢ such that

IVu(, 1)l

€
1+ i, > ﬂV”Vu(-’tl)"wE and Py > Py e

1
2k, (B, +1) ) 2
pr? '

Dividing both sides by ||e' lly4! ) and using (11) we obtain

This choice is possible since ||Vu||, < (

2
lad., ;) —u1||u-u‘(9) < Cé”.

fore > 0. Since 1 < ﬁ,b():landégT, we get

lua 1) = 0 gy < T T8,

-

Then point (i) is verified for j = 1. Suppose now we have proved (i) for all j = 1, ..., k, and
prove it also for j = k + 1. Combining (5) and (12), we obtain

/ el v dx + pi, / Vel . Vv dx
Q Q

k—1
:(1—bl)/ek.vdx+2(bj—bj+1)/ek—J.de+bk/e0.vdx—/rk+l.de
Q =l Q Q Q

+py / W x vurt! —u(x, ,,,) X Vu(x, t,,,)) - Vv dx
Q

+pxc, / [(1+ plu* Pyt — (1 + pluCx, )P, 1)) - v dx.
Q
(19)
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Taking v = e**! in (19) and by similar calculations used to obtain (17), we get

(1+ﬂK2)/|ek+1|2dx+ﬁ1<1/|Vek+1|2dx+ﬂ1<2/,t/|uk+1|2|ek+1|2dx
Q Q Q

+Pryu / (u(x,1,,,) - e+ dx
Q

<{- b1)||ek||m2(g)||ek+l||[L2(Q)
(20)

k—1
k—j k+1 k+1 k+1
+ Dby = by DI 2o 1 [0y + IEH [l 1657 (12
=1
k+1 k+1 k+112 1 ,k+12
#Br [ 1V VUGt ) dx B [ I an
Q Q

+Picyu / u(x,t,,,) - €% dx.
Q

That is
(1 +ﬂK2)/ le“™!|* dx + pr, / |VeH!|? dx
Q Q
k—1
k k+1 k—j k+1
<(I=byplle ||I]_2(Q)”e * ||n_2(§2) + Z(bj - bj+1)||e J”u_z(g)”e * |||]_2(g)
j=1

£ 1
HIE o€ i+ AHIVUC Dl (§ [ 1690 a0 [ VeI ax)
Q Q

for € > 0. By the same reasoning used for the case j = 1 and the induction assumption and the
b
fact that b‘Ll < 1, we get

k+1

Vu(., ¢ o
(1+ﬂr<2—ﬂﬂwu(.,rkH)nmg)/|ek+1|2dx+ﬂ(r<1—y%)/|Ve"+‘|2dx
Q € Q

k-1
-1 -1 2 1 1 1
< ((1 —b)b,_, + Z(bj - bj+1)bk_j_1>C5 ||ekJr ||[L2(Q) + ||1'kJr ||m2(g)||ekJr ||[L2(Q)
Jj=1

k-1
< ((1 —b)+ Z(bj —bj)+ bk>Cb;i152||ek+l I @)
Jj=1
(21)
Recall that

k—1
(I=b)+ D (b= b))+ b = 1.
j=1

For a suitable choice of ¢ and dividing both sides by ||e*! ll1! ()» We obtain
k+1 -1 ¢2
lle ) < Ch_, 6%

Noting that

doi:10.11131/2017/101264 Page 13



Research in Applied Mathematics

Then, we have for all k£ such that k6 < T

k+1
lle “D—I]'(Q)

k+1
(., t40) —u** i @)

IA

—ap—1 2
Ck™“b;! k%6

IA

C ac2—a
E(k& o

LT“&Z_O‘
l-a ’

I\

Then (i) is proved.

Now, to prove (ii), we will derive again the following estimation by induction:
lut, 1) =Wl < Cj&% j=1,....k (22)

The above inequality is obvious for j = 1. Suppose now that (22) holds for all j =1, ..., k and
prove that it holds also for j = k + 1. Similarly to the previous case, by combining (5) and (12)

and taking v = e**! as a test function and using the induction assumption, we obtain

k+1 k+1 k k+1
(1 + prey)le*™ II[LZ(Q) + P, || Vet II[LZ(Q) < =bplletllizglle iz q)
+ Z (b; = b Dl Iz €I ol | PRSP P |
j j+1 L2(Q) L2(Q) L2(Q) L2(Q)

oIVt le(§ [ 1P dxr 5 [ vetfax)

< ((1 — b)Ck? + Z(bj — by, )Clk — )5 + C(SZ) 1€ 20
=1

I3 1
+ﬁy||Vu(.,tk+1)||oo<§/|ek+1|2 dx+2_/|Vek+1|z dx)
Q € Jo

1
< (a-bp +2(b b + s )k DS g

£ 1
+ﬁy||Vu(.,tk+1)||oo<§/|ek+1|2dx+2—/|Vek+1|2dx>
Q &€ Jo

k-1

1
<(a-by+ Z,(b, — b)) = (1= b))y

-1
j+1 1
= Dby = by + o ) S+ DI g
2

1
+ﬂ7||VU(-,tk+1)||oo<§/Iek+1|2dx+2—/IVek“lzdx).
Q € Ja
Since

k-1 k-1
1—b, j+1

+ Y, b, b > —— <1—b + Y, b, +b>=—,
k+1 j;(, )i Pz )Z( b+ he) =10
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Then

IVa(., 7, Dl

> >||Vek+1||2

E
(14 B2 = BAVEC 1Dl 5 1 I g + By =7 0

k=1
< (A =)+ Xy = by + by ) Ol + DE €
j=1
= C(k + 1)8*[1e |l -
and it follows, for an € well chosen and after dividing both sides by ||e**! lly! @) that
lluC., 5y p) — llk+1||n-n1(g) = ||ek+1||u-n1(9) < C(k +1)8°,
for k satisfying (k + 1)6 < T. We conclude that
(., 1) — 0l ) < CT6.

Then (ii) is proved, and the proof of Theorem 3 is complete. O

4. Concluding Remarks

In this paper, we proposed a finite difference scheme for the time fractional Landau-Lifshitz-
Bloch equation such as the fractional time derivative of order 0 < a < 1 is taken in the sense
of Caputo. The main challenge here is due to the nonlinearity on the right-hand side of the
partial differential equation. A fixed point procedure is used to show the existence of solution
for the discretized model. The stability analysis is provided showing that the temporal accuracy
is of order 2 — @. We intend to complete the results obtained in this paper by performing a
full discretization and conducting numerical experiments for the considered model. These two
issues represent an interesting direction of future research.
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