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Abstract. Mechanism of formation and development of intraluminal concretion, also called
Randall’s plug, extracted from a female patient forming calcium oxalate dihydrate (COD) calculi
was examined. Some of these calculi were connected to the papillary tip, and had connections
with the interior of the papilla with ﬁnger-like extensions in the collecting duct (CD). The
intraluminal concretion consisted of inter-grown COD crystals of irregular size (30–100 𝜇m),
approximately 5% of biological hydroxyapatite (BHAP) and an organic matter. Urine of the
patient was moderately supersaturated with respect to COD and amorphous calcium phosphate
(ACP). Model of kidney, recently reﬁned by Robertson, was used in calculations. Calculated
Reynolds number indicated that the ﬂow of liquid through tubules was purely laminar with
parabolic velocity proﬁle. COD crystals formed at the beginning of ascending loop of Henle by
heterogeneous nucleation. Concentration of COD crystals in urine was limited and considered
equal to concentration of crystals during crystaluria. The free particle and the ﬁxed particle
mechanisms were considered. The free particle mechanism assumes formation of a single crystal
or agglomerate of crystals blocking the CD by virtue of size. The growth of COD crystals at
concrete urinary supersaturation was too slow for a single crystal to attain size with settling
velocity faster than the translation ﬂow rate of liquid. Hydrodynamic shear caused aggregation
of COD solid particles dispersed in a liquid ﬂowing in the nephron. Number of COD crystals
present in urine was not suﬃcient for formation of fractal agglomerate blocking the Bellini duct.
Similarly, a fractal agglomerate of urinary phosphate present in the form of Posner’s clusters was
not large enough to obstruct the Bellini duct. The opening of the CD could not be obstructed by
a single crystal of COD or fractal agglomerate composed of either COD crystals or calcium
phosphate clusters, formed in urine by virtue of size. Solid objects not immobilised inside
the CD were always washed out by urine ﬂow from the CD of any orientation (also upwarddraining CD). The formation and development of plug of our patient was explained by the ﬁxed
particle mechanism assuming that Randall’s plug developes from crystal(s) attached directly to
the tubule wall. The plug was modelled as concretion composed of successive layers of COD
crystals originating on the top of underlying layer. When growth of a layer stopped, its surface
was covered by organic matter that served as a substrate for nucleation of a new layer. The time
of plug development was estimated as the time a COD crystal needed to reach the opposite side
of the duct plus duration of interruptions of crystalline growth when plug surface was covered
by a layer of organic matter and phosphatic particles were incorporated into concretion. The ﬂux
of Posner’s clusters arriving to the concretion surface was estimated from theory of Brownian
motion. These calculations suggested that obstruction of the Bellini duct of our patient by the
Randall’s plug occurred over a period of approximately 4 months after nucleus of concretion
became attached to the duct wall or on the papillary tip.
Keywords: Nephrocalcinosis, Randall’s plugs, calcium oxalate dihydrate, biological hydroxyapatite, Posner’s clusters.
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1. Introduction
Clinicians commonly observe renal papillary calciﬁcations during endoscopic intrarenal surgery
for removal of renal stones. These calciﬁcations can be classiﬁed as two clearly diﬀerent entities
[1]. One type results from a subepithelial calciﬁcation (hydroxyapatite) of the renal papilla following pre-existing injury. The disruption of the papillary epithelial layer by biological hydroxyapatite (BHAP) plaque becomes the nidus of a calcium oxalate (CaOx) papillary calculus,
known as Randall’s plaque [2–8]. These intrapapillary calciﬁcations initiate in the thin-loop
basement membranes, in basement membranes of collecting tubules, and in the vasa recta [4–
7]. These are all collagen rich regions [9], and the presence of carboxylate groups alters the
collagen so it acts as heterogeneous nucleant of BHAP [10].
The other type of calciﬁcation is intraluminal crystalline deposits along the inner medullary
collecting ducts (CD) and the ducts of Bellini, known as Randall’s plugs. These deposits occasionally protrude from dilated openings of the ducts of Bellini and sometimes exhibit crystalline
material growing from their distal ends. The amount and size of the intraluminal deposits vary
with type of stones formed by patient. The tubular plugs are composed of apatite and CaOx,
exceptionally of cystine or sodium and ammonium acid urate, and organic matter [11, 12]. The
Randall’s plugs occur in the terminal CDs of patients with elevated pH, elevated calcium and
oxalate concentrations and low citrate excretion [13].
Mechanism of Randall’s plugs formation is still under discussion. In essence, interluminal
deposits can be formed by the free or the ﬁxed particle mechanism. The free particle mechanism
assumes that during the residence time of urine in the CD an object that can obstruct the opening
into the calyx develops by growth and/or agglomeration of smaller particles. The ﬁxed particle
mechanism postulates that crystals initially attached directly to tubule wall develop by crystal
growth and agglomeration into an object obstructing the Bellini duct [14]. Authors of this
concept using probabilistic approach arrived to a conclusion that vast majority of concretions
form in the kidney by the ﬁxed particle mechanism and the free particle mechanism can be active
only at very rare and speciﬁc cases. This conclusion was recently contested by Robertson based
on the updated computer model of kidney NEPHROSIM [15, 16]. The mathematical model of
urine ﬂow and changes in concentration of tubular liquid along the nephron suggested that CaOx
crystals may become suﬃciently large to become trapped in the CD and develop into Randall’s
plug.
We have reported a case of a female patient forming calcium oxalate dihydrate (COD) calculi
[17]. Some of these calculi were connected to the papillary tip, and had connections with
the interior of the papilla with ﬁnger-like extensions in the CD. Several of these extensions
were extracted and their structure and composition studied using electron scanning microscope
equipped with X-ray energy spectrometer. Performed studies, however, did not reveal mechanism of their formation.
In the present paper we discuss the possible mechanisms underlying the formation and development of these Randall’s plugs.
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Figure 1: Scanning electron microscopy image of a plug blocking a Bellini duct of our patient and details of other
plugs.

2. Method and Results
2.1. Randall’s plug
The plugs of diameter about 2 × 10–4 m consisted of inter-grown COD crystals of irregular size
(30–100 𝜇m), approximately 5% of BHAP and an organic matter, Figure 1. Some large COD
crystals were also observed. The distribution of phosphorus in the plugs was mostly uniform,
although a few isolated regions had higher concentrations.

2.2. Urine
Urine is a variable non-steady state system the composition of which constantly changes and
therefore conditions prevailing during formation and development of Randall’s plug are diﬃcult
to specify precisely. Urine composition of the respective Randall’s plug former shown in Table
1 was used for further considerations. The concentration of magnesium was not experimentally
determined and was taken from literature [18]. This composition corresponded to typical urinary
composition of patients with Randall’s plugs [11].
The concentrations and activities of ionic species in urine of our patient at 37∘ C were computed using the programme MINTEQA2 [19] as [Ca2+ ] = 3.83 × 10–3 mol L–1 , [C2 O4 2– ] =
doi:10.11131/2017/101242
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Figure 2: Spherical sector (𝛼 + d𝛼, 𝛽 + d𝛽).
Table 1: Urine composition.
Concentrations (mol m–3 ) Ref
Ca(total)

9.98

[17]

2+

1.9

[18]

P(inorganic)

32.29

[17]

Oxalate

0.34

[17]

pH

6.8

[17]

Mg

Diuresis VD = 1.5 L/24 h

1.14 × 10–4 mol L–1 , [PO4 3– ] = 8.82 × 10–8 mol L–1 and a(Ca2+ ) = 1.85 × 10–3 mol L–1 ,
a(C2 O4 2– ) = 5.49 × 10–5 mol L–1 and a(PO4 3– ) = 1.71 × 10–8 mol L–1 . Supersaturation of
this urine with respect to COD is
S = {Ka,ip /Ka,sp } 1/2 = {a (Ca2+ ) a (C2 O4 2– ) /6.76 × 10–9 }

1/2

= 3.87

where the thermodynamic solubility product Ka,sp of COD is taken from [20]. This value of
supersaturation is higher than the real value since ion pairing of Ca and oxalate with Na, K,
Cl, SO4 and citrate was not considered as contents of these elements were not determined
in our patient urine. On the other hand, composition of urine ﬂuctuates due to intermittent
food and liquid ingestion. With changing urine composition varies its supersaturation. The
supersaturation of urine ﬂuctuates also during the Randall’s plug formation and development.
Thus the actual supersaturation oscillates and because it is impossible to quantify extent of these
ﬂuctuations the value calculated from the analytically determined composition of patient’s urine
is taken as an average value of supersaturation prevailing during plug formation.
doi:10.11131/2017/101242
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The dynamic viscosity of urine is 𝜂 = 𝜐 × 𝜌l = 0.841 × 10–3 kg m–1 s–1 , where 𝜐 =
0.829 × 10–6 m2 s–1 is the kinematic viscosity [21] and 𝜌l = 1015 kg m–3 is the density of
urine [22].

2.3. Kidney
1.31 × 106 nephrons terminate in 320 CDs in a kidney according to Robertson model of kidney
[15]. The nephron consists of proximal tubule, descending and ascending loop of Henle and
distal tubule. Liquid in the nephron is approximately 10 times diluted compared to urine at the
opening of the CD. Reabsorption of ionic species and water from ﬁltrate entering the nephron
from glomerulus proceeds during liquid transit through the nephron to the CD where water
content is ﬁnally adjusted. The highest supersaturation of urine is reached at the opening of CD
on the papilla. The average translation rate of liquid and the average transit time through the
ascending loop of Henle are 1.8 × 10–4 m s–1 and 65 s and through the distal tubule 1.9 × 10–4
m s–1 and 31 s [15].
Diameter of the CD used in calculations corresponds to the plug size and therefore diﬀers
from Robertson model. The CD is a circular truncated cone with length Lb = 2.7 × 10–2 m and
a radius r1 = 0.5 × 10–4 m at the beginning and a radius r2 = 1 × 10–4 m at the termination
(opening) on the papilla. The volume of single CD is
VB = (𝜋/3)Lb [r2 2 + r2 r1 + r1 2 ] = 4.94 × 10–10 m3
Assuming 1.5 L as an average diuresis (for 2 kidneys) and constant liquid throughput, the volume
of liquid passing through single CD per second, i.e. the average volumetric ﬂow rate of urine
through Bellini duct is
Q = 1.5 × 10–3 /[(2 × 24 × 3600) × 320] = 2.71 × 10–11 m3 s–1
The average translation ﬂow rate of urine in the CD is (see Appendix I)
u = Q/Ave (𝜋r2 ) = 1.48 × 10–3 ms–1
The ﬂow of urine in the CD is fully laminar because the Reynolds number for ﬂow in the circular
duct is Re = 2 r2 Q / 𝜐 𝜋 r2 2 = 0.208 (ﬂow is fully laminar for Re < 1). The mean residence
time of liquid in a CD (transit time) is
tav = VB /Q = 18.2 s

3. Mechanisms of Randall’s Plug Development
3.1. Free particle mechanism
The potential obstruction of the CD by a crystal or an agglomerate of COD and calcium phosphate crystals that are formed in urine will be examined. The free particle mechanism assumes
that during the mean residence time of urine in the nephron and the CD a spherical object that
can obstruct the opening into the calyx by virtue of size develops by growth of a single particle
or by agglomeration of smaller particles [14].
doi:10.11131/2017/101242
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Figure 3: Oblique quadrangular prism.

3.1.1. Calcium oxalate dihydrate
COD crystals, molecular weight 0.164 kg mol–1 , density 2020 kg m–3 [23] occur in human
urinary calculi as tetragonal bipyramids [24]. COD crystals form in supersaturated solutions
by homogeneous or heterogeneous nucleation. The rate of homogeneous nucleation is given by
[25]
J = (2D/d5 ) exp {–kv 𝜎 3 v2 / [(k T)3 (𝜈 ln S)2 ]} m–3 s–1

(1)

where D is the ionic diﬀusion coeﬃcient (D = kT/(6𝜋𝜂r) = 1.46 × 10–9 m2 s–1 ), d is the
building unit diameter (4.1 × 10–10 m), kv is 32 for a cube, 𝜎 is the interfacial tension (0.123 J
m–2 [26]), 𝜈 is the number of ions in a molecule and v is the volume of the building unit (v =
Mw /𝜌s 𝜈 NA = 0.164 / {2020 × 2 × 6.022 × 1023 } = 6.7 × 10–29 m3 ) and k is the Boltzmann’s
constant k = 1.38 × 10–23 kg m2 s–2 K–1 . Substituting these values into eq. (1) describing the
nucleation rate of COD gives
J = 4.27 × 1038 × exp(–515) ∼ 0 m–3 s–1
The rate of homogeneous nucleation at actual supersaturation was virtually zero. The onset of
homogeneous nucleation of COD crystals, tentatively deﬁned as formation of one nucleus per
second in 1 m3 , i.e. the rate of nucleation J = 1 m–3 s–1 , occurs according to eq. (1) at S = 34.3.
The actual urinary supersaturation of our patient - 3.87 - was much too low for homogeneous
nucleation to be active and therefore COD crystals in urine originated on the foreign substrates
present in urine by heterogeneous nucleation. Hence the number concentration of COD crystals
in urine was limited and was approximately equal to concentration of crystals during crystaluria,
2.4 × 1010 m–3 [27].
Further considerations require the growth rate of COD crystal expressed as the rate of its
radius increase in the form dr/dt = kg (S – 1)n , where kg is the growth rate constant and n is an
exponent. The growth rate in the COD-seeded system was 22 per cent of that for a COM-seeded
system at the same supersaturation, for equivalent surface areas [28]. According to [29] kg of
doi:10.11131/2017/101242

Page 6

The Open Access Journal of Science and Technology

COD-seeded growth was 42 per cent lower than for COM and n = 2. Since kg in the case of
COM is 5.6 × 10–11 m s–1 [30], kg for COD is in the range (1.23 – 2.35) × 10–11 m s–1 . The
rate of growth of COD crystal is expressed by
dr/dt = (1.23 – 2.35) × 10–11 (S – 1)2 m s–1

(2)

The maximum size of crystals in the CD that originated in the ascending loop of Henle can be
estimated as follows: Initial size of heterogeneous nucleus is supposed to be r∗ = 0.1 × 10–6 m
[16]. The residence time of a crystal nucleated at the beginning of the ascending loop of Henle
and travelling in close vicinity of the tubular wall is 25 min [16]. Hence the maximum size of
COD crystal achievable in the nephron is
rmax = r∗ +(dr/dt)×t = 0.1×10–6 +(1.23–2.35)×10–11 ×2.872 ×25×60 = (0.25–0.48)×10–6 m
The maximum achievable radius of COD crystal, (0.25 – 0.48) × 10–6 m, was calculated under
assumption that supersaturation of liquid in the nephron is the same as supersaturation at the
opening of CD. According to Robertson model [16] the supersaturation of urine in the nephron
is considerably lower than in the CD and thus the calculated maximum size of COD crystal is
overestimated.
Any individual COD crystal cannot become large enough (r ≥ 0.5 × 10–4 m) to obstruct the
CD during its residence time in the nephron as a result of size.
The parabolic velocity proﬁle of laminar ﬂow of liquid in a tubule is described by
u(R) = 2uav [1 – (R/r)2 ]

(3)

where r is the radius of the tubule and R is the distance from the tubule axis. The ﬂow pattern
can be considered as a set of thin concentric shells of ﬂuid sliding over one another. The velocity
of the ﬂuid at the centre line is twice the average velocity of the ﬂuid, uav , and zero at the ﬁrst
shell adjoining tubular wall. A crystal close to the tubule wall travels in a shell moving with
considerably lower velocity than the average translation ﬂow rate. A liquid in a shell adjacent
to the CD wall with thickness of 0.50 × 10–6 and 0.96 × 10–6 m moves according to eq. (3) with
the average velocity 1.48 × 10–5 m s–1 and 2.77 × 10–5 m s–1 , respectively.
Settling velocity of a spherical particle in the laminar ﬂow of liquid is
w = 2(𝜌s – 𝜌l )gr2 /9𝜂

(4)

r is the radius of spherical particle and g is the acceleration due to gravity 9.81 m s–2 . Settling
velocity calculated from eq. (3) of COD crystal with radius 0.25 × 10–6 m and 0.48 × 10–6 m
is 1.6 × 10–7 m s–1 and 5.7 × 10–7 m s–1 , respectively. This velocity is by about four orders
of magnitude smaller than the average translation ﬂow rate of liquid in the Bellini duct. Even
liquid close to tubular wall moves about two orders of magnitude faster than the settling velocity
of largest COD crystal which can occur in the CD.
Therefore any single COD crystal formed and developed in the nephron and the CD cannot
be retained in the CD by virtue of its size and is invariably washed out from the CD of any
orientation, even upward-draining duct, by ﬂow of urine.
Solid particles of COD dispersed in urine ﬂowing through the CD are exposed to hydrodynamic shear that causes their aggregation by orthokinetic mechanism [31]. Further a case that
doi:10.11131/2017/101242
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an object blocking the opening of the CD formed by agglomeration of COD crystals will be
examined.
A spherical agglomerate of COD crystals with radius 1.0 × 10–4 m can block the opening of
the CD. This agglomerate composed of crystals with radius 0.48 × 10–6 m with packing density
𝜉 = 0.07 (Appendix II) consists of 4.19 × 1.0 × 10–12 × 2020 × 0.07/0.164 = 3.61 × 10–9 mol
of COD. Total amount of calcium oxalate over equilibrium contained in 1 litre of urine is
1.14 × 10–4 – [6.78 × 10–9 / (0.482 × 3.83 × 10–3 )] = 1.06 × 10–4 mol L–1
where 0.48 is the activity coeﬃcient of divalent ion. Let assume an unrealistic case that all
calcium oxalate over equilibrium contained is present as crystals that form agglomerate. Volume
of liquid in which agglomeration proceeds before formed object reaches the opening of CD
is equal to the average transit time of urine through the nephrons from the point of crystals
origination (beginning of ascending loop of Henle) to the CD opening multiplied by the average
volumetric ﬂow rate at the Bellini duct, i.e. (65 + 31 + 18) × 2.71 × 10–11 = 3.09 × 10–9 m3 .
The molar mass of COD in excess of equilibrium available in this volume of urine is 3.09 ×
10–9 × 1.06 × 10–4 × 103 = 3.3 × 10–10 mol. This mass hypothetically available for forming
an agglomerate of COD crystals is about one order of magnitude smaller than the molar mass
of the agglomerate that can block the opening of the CD. Furthermore, the number of crystals
with size 0.48 × 10–6 m forming the blocking agglomerate
3

3.61 × 10–9 / 4.19 × (0.48 × 10–6 ) × 2020/0.164 = 6.32 × 105
[
]
is contained in 6.32 × 105 /2.4 × 1010 = 2.63 × 10–5 m3 of urine. This volume of urine passes
the Bellini duct in 2.63 × 10–5 /2.71 × 10–11 = 9.7 × 105 s, i.e. 269 days.
Molar mass and number of crystals of COD hypothetically available for formation of agglomerate clearly demonstrate that size of this agglomerate is not suﬃciently large to block the Bellini
duct.

3.1.2. Calcium phosphate
The urine of our patient was supersaturated with respect to amorphous calcium phosphate (ACP)
with the thermodynamic solubility product Ka,sp = 6.31 × 10–25 mol5 L–5 [32], which is the
initial phase that precipitates from solution
S=

3

2

a Ca2+ )] [a (PO4 3– )] /6.31 × 10–25
{[ (
}

1/5

= 1.24

A fraction of the solute in phosphate solutions is present in the form of Posner’s clusters [33–
35]. Roughly 50% of phosphate is bound in the Posner’s clusters at high supersaturation [33].
Let assume the same fraction of phosphate in urine bound in these clusters with a diameter
1 × 10–9 m, i.e. volume 5.23 × 10–28 m3 , and a presumed formula Ca9 (PO4 )6 though urine is
only slightly supersaturated with respect of ACP [36].
Let consider the case that all Posner’s clusters present in a volume of urine produced by
a single CD multiplied by the average transit time of liquid through the nephron forms an
agglomerate. The number of clusters present in urine is N = [PO4 3– ] × 103 × NA × 0.5/6 =
doi:10.11131/2017/101242
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4.43×1018 m–3 . The average transit time of urine through the nephron from the point of crystals
origination (beginning of ascending loop of Henle) and the CD is 114 s. The number of clusters
present in this volume of urine is Nc = 4.43 × 1018 × 114 × Q = 1.37 × 1010 . Radius of a single
loosely packed spherical agglomerate (packing density 𝜉 = 5 × 10–3 ) composed of all these
clusters is r = (Nc × 5.23 × 10–28 /4.19 × 5 × 10–3 )1/3 = 7 × 10–6 m. This radius is considerably
smaller than radius of the Bellini duct and therefore the opening of the CD cannot be obstructed
by a phosphatic agglomerate.
The opening of the CD cannot be obstructed by a single crystal of COD or an agglomerate
composed of either COD crystals or calcium phosphate clusters, formed in urine by virtue
of size. Therefore intraluminal concretion of our patient was not formed by the free particle
mechanism and was formed by a diﬀerent mechanism.

3.2. Fixed particle mechanism
The ﬁxed particle mechanism assumes that Randall’s plug develops from crystal(s) attached
directly to the tubule wall. Next, the potential obstruction of the CD by a concretion originated
on a crystalline substrate immobilized on the tubular wall will be examined.
COD crystallizes from solutions as tetragonal bipyramidal crystals [24]. The time for a single
crystal attached to a CD wall and growing in urine with supersaturation S = 3.87 to reach the
size 2 × 10–4 m (plug diameter) is
t ∼ 2 × 10–4 /(1.23 – 2.35) × 10–11 × 2.872 = (1.03 – 1.97) × 106 s ∼ 12 – 23 days
The plug extracted from a CD was modeled as a concretion composed of successive layers
of COD crystals originating on the top of underlying layer. When growth of a layer stops, its
surface is covered by organic matter that serves as a nucleation substrate for a new layer. Thus
the time needed for duct blockage by COD crystals can be estimated as the sum of the time a
COD crystal needs to reach the opposite side of the duct and the sum of intervals of interruption
of plug growth (the induction periods of new crystal layers formation by surface nucleation on
the organic substrate) when crystalline surface of plug is covered by a layer of organic matter.
The time during which the growth of crystalline concretion is interrupted (the sum of induction period new layers nucleation) can be estimated from the amount of phosphorus in the plug.
Calcium phosphate is not isomorphous with COD and hence cannot be incorporated directly
into oxalate crystals. Therefore phosphatic particles, nano-sized Posner’s clusters, can be incorporated only into amorphous organic matter that periodically covers crystalline part of the plug.
ACP clusters arriving to the layer of organic matter covering the concretion, attach to its surface,
densify and become an integral part of the concretion and gradually transform to BHAP [34].
The ﬂux of Posner’s clusters arriving to the concretion surface can be estimated as follows.
An elementary volume of urine with the average translation rate 1.48 × 10–3 m s–1 remains in
contact with a square area An = 1 × 10–12 m2 of a COD concretion surface oriented toward the
opposite wall of the CD (along the x-axis) for
tc = 1 × 10–6 /1.48 × 10–3 = 6.76 × 10–4 s
doi:10.11131/2017/101242
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The Posner’s clusters are so small that they perform Brownian motion. The mean (arithmetic)
particle displacement of a particle with radius rc along the x-axis due to Brownian motion over
a time interval tc is [37]
–7
Δ𝜆 = (k T/3𝜋𝜂rc )1/2 t1/2
c = 8.47 × 10 m

The number of clusters present in 1 m3 of urine, Nc , assuming that 50% of phosphate ions are
bound in the Posner’s clusters is 4.42 × 1018 m–3 (see above). The number of Posner’s clusters
that arrives at the surface area An per second is (Appendix III)
1
N(𝜀) = Nc An Δ𝜆/tc = 1.38 × 103 s–1
4
and have volume V = 7.25 × 10–25 m3 . Assuming that every cluster arriving to the surface An
of the concretion is captured, 2.23 × 10–21 kg of BHAP (density 3080 kg m–3 [23]) per second
is incorporated into the concretion.
Mass of a section of concretion with surface area 1 × 10–12 m2 and length 2 × 10–4 m is
4.04 × 10–13 kg. Since the plug contains 5 wt.% of calcium phosphate, this section contains
2.02 × 10–14 kg of BAHP. Incorporation of this mass of calcium phosphate into concretion
takes
2.02 × 10–14 /2.23 × 10–21 = 9.06 × 106 s, i.e. 105 days
Therefore the time during which this concretion developed is the sum of the growth period of
COD crystal and the period of calcium phosphate clusters incorporation, i.e. (12 – 23) + 105 ∼
117 – 128 days, i.e. 3.9 – 4.3 months, under favourable conditions.
Contribution of the protein fraction to a plug volume was not considered because of the
absence of any relevant model. Therefore the time of concretion development may be slightly
diﬀerent from the calculated value.

4. Discussion
Mechanism of formation and development of intraluminal concretion extracted from the CD
of a female patient was examined. The computer kidney model NEPHROSIM demonstrates
that supersaturation of urine with respect to COD increases from glomerulus and peaks at the
beginning of the ascending loop of Henle, then decreases due to reabsorption of ions in loop
of Henle and proximal tubule and increases again in the CD due to reabsorption of water. The
highest level of urinary supersaturation is at the opening of the Bellini duct [15, 16] and this
value was used in calculations.
The size of crystals at the Bellini duct was calculated using the longest period of growth
(crystals travelled close to the tubule wall) and the highest supersaturation (reached only in the
Bellini duct). This was a maximum achievable size of an individual crystal in the opening of
the CD. Settling velocity of this crystal was considerably slower than the translation ﬂow rate
of urine in the CD. Hence, all individual crystals developed in the nephron are always washed
out from the CD of any orientation and cannot serve as a centre for gradual development of a
blocking intraluminal concretion.
Hydrodynamic shear acting on solid particles, nucleated at the beginning of ascending loop of
Henle, during their progress through the nephron causes their aggregation into larger objects by
doi:10.11131/2017/101242
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mechanism of orthokinetic agglomeration. Calculations showed that the agglomerate blocking
the Bellini duct is composed of substantially larger amount of mass and number of individual
particles of COD or ACP than quantity available in the volume of liquid passing single CD
during the average transit time of urine through the nephron and the CD. In fact, the diﬀerence
between amount of material, both mass and number of crystals, required for formation of the
blocking object and actually available material is rather vast.
Although in our calculations the most favourable conditions for the free particle mechanism, such as the longest transit time, the highest supersaturation, agglomeration of all particles
present in a given volume, were considered, maximum attainable size of crystalline particle
(single crystal or agglomerate) was not suﬃciently large for being retained in the Bellini duct
of any orientation by virtue of size. Thus the Randall’s plug extracted from of our patient was
not formed by gradual development of unattached particle, be it single crystal or agglomerate,
retained in the CD into a concretion blocking its opening, i.e. by the free particle mechanism.
The studied Randall’s plug developed from a crystalline particle (particles) ﬁrmly attached
to the inner wall of the CD or papillary tip, i.e. by the ﬁxed particle mechanism. Period of
the plug development was roughly estimated from the phosphorus content of the concretion.
Nano-sized Posner’s clusters existing in urine perform Brownian motion and their ﬂux to the
surface of concretion can be evaluated from the theory of Brownian motion. Assuming that each
cluster arriving to the surface was incorporated into the plug, the time needed for transport of 5
per cent of the plug mass indicated the total interval during which the concretion accumulated
phosphorus. This period plus time during which the growing crystal would reach the opposite
side of the CD indicated the time of the studied plug formation. The period of plug formation
estimated in this way should be regarded with caution as a ﬁrst rough approximation since
several important factors, such as contribution of organic matter to plug volume, ﬂuctuation
of urine composition during plug development, inﬂuence of inhibitors of crystallization and
promoters of agglomeration, which may considerably modify the kinetics of plug development,
were not known and hence were not considered.

5. Conclusions
The calculations presented here indicate that a free particle mechanism cannot account for
formation of the Randall’s plug composed of COD, BHAP and organic matter that obstructed the
Bellini’s duct of our patient. This plug was formed by the ﬁxed particle mechanism. Calculations
suggest that plug obstructing the Bellini duct of our patient developed probably over a period
of approximately 4 months.

List of symbols
a(X): the activity of ion X
An : surface (m2 )
Ave: average value
c(X): analytical (total) concentration of ion X (mol L–1 )
Dm : the mass aggregate fractal dimension (-)
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d: diameter (m)
g: acceleration due to gravity (m s–1 )
J: nucleation rate (m–3 s–1 )
Ka,sp : the thermodynamic solubility product (expressed in activities)
Ka,ip : the ionic activity product
k: the Bolzmann’s constant (1.38 × 10–23 kg m2 s–2 K–1 )
kv : volume shape factor (-)
Lb : length of the collecting duct (m)
Mw : molecular weight (kg/mol–1 )
NA : Avogadro’s number (6.022 × 1023 mol–1 )
Nc : number of clusters
N(𝜀): number of clusters that arrives to the surface per second (s–1 )
Q: volumetric ﬂow rate (m3 s–1 )
r: radius (m)
ℜ: dimensionless size (-)
S: supersaturation (-)
T: temperature (K)
t: time (s)
tav : the mean residence time (s)
tc : duration of contact of an elemental volume of urine with surface (s)
u: the translation ﬂow rate of the liquid (m s–1 )
uav : the average translation ﬂow rate (m s–1 )
v: volume of building unit (m3 )
V: volume (m3 )
VB : volume of the collecting duct (m3 )
w: settling velocity (m s–1 )

Greek
Δ𝜆: mean particle displacement (m)
𝜂: dynamic viscosity (kg m–1 s–1 )
𝜉: packing density (-)
𝜈: number of ions constituting the building unit
𝜐: kinematic viscosity (m2 s–1 )
𝜌l,s : density of liquid and solid phase (kg m–3 )
𝜎: interfacial tension (J m–2 )

Abbreviations
ACP: amorphous calcium phosphate
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BHAP: biological hydroxyapatite
CaOx: calcium oxalate
CD: collecting duct
COD: calcium oxalate dihydrate

Appendix I. Average of Function
Function f(x) can be integrated over an interval ⟨a, b⟩. Then the average of function f(x) in this
interval is
b

Ave(f(x)) = [(1/(b – a)] ×

∫
a

f(x)dx

Appendix II. Packing Density
Objects formed by agglomeration are governed by fractal geometry. Mass contained in a fractal
agglomerate (a non-compact object containing internal voids) increases with its radius according to m(ra ) ∼ ra Dm , where Dm represents the mass agglomerate fractal dimension. Dm is
2.5 for the three dimensional fractal agglomerate formed by the random motion of particles
that irreversibly associate with a growing germ [38]. The more Dm deviates from 3, the higher
degree of fractality object exerts.
Number of uniform particles Na with radius ro constituting a compact agglomerate (without
internal voids) with radius ra increases proportionally to the third power of its dimensionless
size ℜ = ra /ro , i.e. Na ∼ ℜ3 . Number of uniform particles Nf constituting a fractal agglomerate
is proportional to ℜ2.5 .
The packing density 𝜉 expresses the proportion of space ﬁlled by the particles, is
𝜉 = Nf /Na = 1/ℜ1/2

Appendix III. Particles moving in a given direction
Clusters due to random Brownian motion move in all directions. If N(𝜒) clusters situated in
the centre of sphere move from the centre with the same velocity then the velocity vectors ﬁll
volume of a sphere with radius r. Fraction of clusters, N(𝜁), that moves in the direction of a
narrow spherical sector, characterized in polar coordinates as (𝛼 + d𝛼, 𝛽 + d𝛽), see Figure 2, is
N(𝜁 ) = N(𝜒) × Volume of spherical sector / Volume of sphere
= N(𝜒) × (1/3) × r3 × sin𝛼 × d𝛼 × d𝛽/(4𝜋r3 /3)
Clusters occurring in the oblique quadrangular prism with volume V = v × dt × d𝜓 × cos𝛼
and moving with velocity v in the right direction would reach in time dt a small plane with area
d𝜓 situated in the centre of sphere, see Figure 3. Number of these clusters is
N(𝜃) = V × N(𝜁 ) = N(𝜒) × v × dt × d𝜓 × cos𝛼 × sin𝛼 × d𝛼 × d𝛽/4𝜋
doi:10.11131/2017/101242
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Total number of clusters reaching plane d𝜓 from the half space in time dt is
𝛼=𝜋/2

N(𝜀) = (N(𝜒) × dt × d𝜓/4𝜋)

∫
𝛼=0

𝛽=2𝜋

∫
𝛽=0

cos𝛼 sin𝛼 d𝛼 d𝛽 = 41 × N × d𝜓 × dt
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